Abstract. The paper presents an overview of peridynamics, a continuum theory that employs a nonlocal model of force interaction. This is accomplished by replacing the stress/strain relationship of classical elasticity by an integral operator that sums internal forces separated by a finite distance. This integral operator is not a function of the deformation gradient allowing for a more general notion of deformation than in classical elasticity that is well aligned with the kinematic assumptions of molecular dynamics. Peridynamics effectiveness has been demonstrated in several applications, including fracture and failure of composites, nanofiber networks, and polycrystal fracture. This suggests that peridynamics is a viable multiscale material model for length scales ranging from molecular dynamics to those of classical elasticity.
Introduction
The response of materials to the environments and loads occurring in practice all require an understanding of mechanics at disparate spatial and temporal scales. Such "multiscale" understanding is a fundamental challenge for next generation materials modeling, see [1] for information and references to the existing literature. A currently popular multiscale approach couples two or more well-known models, e.g., molecular dynamics and classical elasticity [2] , each of which is useful at different scales. An alternative approach is to develop a single multiscale material model that remains valid and useful over a wide range of temporal and spatial scales.
The onerous practical limitations of molecular dynamics and the limited validity of classical elasticity has lead to generalized continuum theories purporting to supply a single multiscale material model. Such theories are motivated by introducing a length-scale absent in classical elasticity. These generalized continua are certainly not new; see [3, 4, 5] for overviews and citations to the abundant literature. However, these theories develop material models with a length-scale dependence by augmenting the displacement field with supplementary fields (e.g., rotations) that provide information about fine-scale kinematics, or by using higher-order gradients of the displacement field, or by averaging local strains and/or stresses.
This paper presents an overview of peridynamics [6, 7] , a generalized continuum theory that employs a nonlocal model of force interaction. This is accomplished by replacing the stress/strain relationship of classical elasticity by an integral operator that sums internal forces separated by a finite distance. This integral operator is not a function of the deformation gradient allowing for a more general notion of deformation than classical elasticity that is well aligned with the kinematic assumptions of molecular dynamics.
Peridynamic primer
This section reviews peridynamic fundamentals including kinematics, balance of angular and linear momentum, length-scale, a relationship with Newtonian mechanics, and discretization. We refer the reader to [8] demonstrating that linearized peridynamics can reproduce nonlinear dispersion relationships for short wavelengths, in contrast to linear elasticity.
Kinematics and internal force density
The spatial point y (in the deformed configuration) is related to the material point x (in the reference configuration) via y(x, t) = x+u(x, t) where u(x, t) is the displacement of x ∈ B ⊂ R 3 . We say the body B undergoes deformation if the displacement u(x, t) is nonzero for some x ∈ B. Deformation represents the mechanism through which continuum mechanics relates deformation to the internal forces of a body. Classical elasticity assumes that the displacement field is continuously differentiable at every x ∈ B so that
where ∇ x denotes the gradient operator with respect to the material point x. If F(x, t) := I + ∇ x u(x, t) denotes the deformation gradient, then
In words, the body deformation y(x , t) − y(x, t) can be approximated by the deformation gradient acting on the bond x − x. By relying on the true deformation y(x , t) − y(x, t), peridynamics avoids assumptions on the smoothness of the displacement field, in contrast to classical elasticity. The mapping from a bond x − x to y(x , t) − y(x, t), or equivalently u(x , t) − u(x, t), is in general nonlinear. The use of the deformation gradient is tantamount to approximating this nonlinear map with a local linear approximation. Denote by y , y the values y(x , t), y(x, t), respectively, and consider the integral operator
representing the (internal) force density. The integral operator is nonlocal because material points x = x are involved. The constitutive equation relating deformation to internal force density is contained in the kernel k that has units of force per volume squared. As an example, consider a proportional microelastic material [9] with the peridynamics kernel (derivable from a stored energy function)
where c/ x − x > 0 is the stiffness per unit volume squared. The corresponding force density operator of classical elasticity is given by
where P denotes the Piola-Kirchoff stress tensor and ∇ x · the divergence with respect to x. The operator C is local because its value at a point x depends, via the deformation gradient, only on the value of the stress tensor at that same point. The Piola-Kirchoff stress tensor is a constitutive equation, e.g. a mapping from strain to stress tensors incorporating the material behavior.
The peridynamics force density operator (1) obviates the need for the stress/strain relationship implicit in (3). Such relationships are based on the idea of contact forces (interactions between material in direct contact) and follow from Cauchy's postulate [10, pp. 60-61] . Peridynamics is fundamentally different in that material separated by a finite distance may exert forces on each other. The paper [11] establishes conditions under which a peridynamic stress tensor ν(x, t) exists such that
But even in this case, peridynamics is fundamentally different from classical elasticity in that the peridynamics stress tensor represents a sum of forces per unit area through x instead of at x, as is the case for the Piola-Kirchoff stress tensor P.
The bond-based peridynamics model originally introduced in [6] assumed that k(y − y, x , x) is collinear with y − y. This assumption results in an effective Poisson ratio = 1/4 for isotropic, linear, microelastic materials. The paper [6, § 15] also briefly described how the bond-based peridynamics kernel may be augmented so that a Poisson ratio = 1/4 can be achieved. Recently, in [7] , the bond-based peridynamics model of [6] was generalized to that of a state-based peridynamics model for which k(y − y, x , x) may be a force state, e.g., it may depend on the collective behavior at x and x . Peridynamics states is the continuum equivalent of the multibody potentials of classical particle mechanics that go beyond central force interactions (or the extension discussed in [6, § 15] .)
Balance of linear and angular momentum
The peridynamic global balance of linear momentum is
where ρ(x) and b(x, t) are the mass and body force densities, respectively. This balance holds over any Ω ⊂ B if and only if the peridynamic kernel is antisymmetric, e.g. k(y − y, x , x) = −k(y − y , x, x ). The first term on the righthand side of (4) is the analogue of the contact force in classical elasticity, and when Ω = B, this force is zero implying that external (to B) contact forces play no role in peridynamics. We may define this first term to represent the force that the material in B/Ω exerts on the material in Ω. The local/nonlocal distinctions drawn can be given a mechanical interpretation. This force is nonlocal precisely because material inside and outside of Ω interacts. In contrast, the classical theory of elasticity restricts the force interaction to the surface of Ω. The peridynamic global balance of angular momentum is
for Ω ⊂ B. The first term on the righthand side of (5) represents the torque of Ω, and may be replaced by Ω B/Ω y × k(y − y, x , x) dx dx if and only if k(y − y, x , x) is collinear with y − y as in bond-based peridynamics.
In classical elasticity, the locality of force interactions also implies that there is no length-scale independent of specific material behavior (e.g., outside of material inhomogeneities.) On the other hand, the nonlocal force density operator (1) does contain a length-scale, the peridynamic horizon-a nonzero volume over which material exerts forces. For instance, let the horizon be given by
so that the first terms on the righthand side of (5) and (4) are replaced with
The horizon may vary with x and/or the forces about x so that the largest horizon over the body defines a maximum length scale.
The recently accepted paper [12] explains how the general state-based peridynamic material model converges to the classical elastic material model as the length scale, or horizon, vanishes, (assuming that the underlying deformation is sufficiently smooth). Building on the analysis of [12] and [11] , a collapsed peridynamics stress tensor ν 0 (x, t) is derived that is a function of the deformation gradient at x and so is a Piola-Kirchoff stress tensor. This limiting Piola-Kirchhoff stress tensor is differentiable and its divergence represents the force density due to internal forces. The limiting, or collapsed, stress-strain model satisfies the conditions in the classical theory for angular momentum balance, isotropy, objectivity, and hyperelasticity, provided the original peridynamic constitutive model satisfies appropriate conditions.
A body composed of discrete particles, e.g. atoms, can be represented as a peridynamic body. For example, suppose a set of discrete particles is given with reference positions x i and masses m i , i = 1, 2, . . . , n. Let the force exerted by particle j on particle i after deformation of the system be denoted by F j,i (t). Define a peridynamic body by ρ(x) = i m i δ(x − x i ) and
, where δ(x) denotes the Dirac delta function or density (with units of per volume). Global conservation of linear momentum (4) where Ω is a volume enclosing only x i reduces to
which is the familiar statement of Newton's second law in the particle mechanics setting.
Replacing the Dirac delta densities with more general probability densities provides a mechanism for converting the set of discrete particles into a (continuum) peridynamics material model.
Discretization
where V j is the volume of Ω j . Note that the sum is not over n − 1 but rather over the number of x j ∈ H(x i ). An advantage of quadrature based approaches is that they lead to threedimensional, meshless Lagrangian implementations. A time integration scheme is then applied to (6) , see [9, 13] for details. For a uniformly spaced x i , the midpoint quadrature rule gives a quadratic spatial rate of convergence. See [14, 15] for extensive verification studies in one and two dimensions (including adaptivity and comparisons with a commercial finite element code), respectively. The papers [16, 17] discuss the use of more sophisticated quadrature for the internal force calculation, and [18] discusses an implementation within an engineering finite element analysis code.
Applications
We review three successful multiscale applications of peridynamics within engineering analyses. All of the results discussed here were obtained with the Emu [9] or the molecular dynamics code LAMMPS [19, 13] . Both implementations are meshless three-dimensional Lagrangian codes-a mesh generator is not required. The examples (including validation where available) provide concrete evidence that peridynamics has been successfully used for three-dimensional engineering analyses that strain, perhaps go beyond, the limits of classical elasticity, by exploiting the nonlocality of force central to peridynamics. This nonlocality allows peridynamics to model complex material behavior possessing an intrinsic length-scale. The three applications presented deal with fracture problems-a quintessential multiscale phenomena. A compelling advantage of peridynamics is the ability to deal with fracture in a straight-forward fashion. This is accomplished by allowing bonds (e.g. between x and x) to break when stretched beyond some predetermined limit (see [9, 13] for a discussion) so enabling cracks initiate and propagate when and where is energetically favorable-unguided crack growth and complex interaction among cracks is the rule. This is in contrast to standard fracture mechanics approaches, see [20] for a review. The reader is referred to [21, 22] for applications of peridynamics not discussed in our paper.
Polycrystal fracture
Brittle fracture is a catalyst for failure in ceramic materials subject to appropriate mechanical loading. In order to predict the performance and structural integrity of ceramics, a fundamental understanding of brittle fracture in polycrystalline ceramics at the grain-size level is required. Such an understanding can then be used to design advanced structural ceramic systems with increased impact resistance, higher thermal shock resilience, etc. Here we present a novel approach for simulating fracture in polycrystalline ceramics, which has been difficult to do in the past, due to, in no small measure, the complexity of the phenomenon. Combined transgranular (cracks pass through the grains) and intergranular (cracks propagate between the grains) fracture can take place in brittle fracture of ceramics. A transition between the trans-and inter-granular fracture is observed under certain loading. Experiments reported in [23] show that, while the main fracture mode is intergranular, local transgranular fracture also appears due to existence of crystalline phase at grain junctions. In addition, crack deflection and crack bridging mechanisms were observed due to the presence of rod-like grains. Further evidence of the importance of accurate modeling of inter-and trans-granular fracture in polycrystalline ceramics is presented in [24] .
Existing models for simulating brittle fracture in polycrystalline ceramics that can include combined trans-and inter-granular crack propagation have severe limitations, including: the inability of modeling propagating cracks that naturally coalesce and/or branch; limitation to modeling only a single or a small number of cracks; complicated algorithms that cannot extend to three dimensions, etc.
The finite element method applied to equations of classical elasticity has been the preferred tool used in numerical models of polycrystalline materials (see [25, 26, 27, 28] ). Fracture in polycrystalline materials has been modeled using cohesive-zone models initiated in [29, 30, 31] . Recently, some difficulties regarding time discontinuities in cohesive zone models have been pointed out in [32] . Bias of the crack propagation path and possible remedies are discussed in [33] . Mathematical and physical limitations, and constraints on cohesive laws are discussed in [34] . The most common approach for simulating brittle fracture of polycrystalline ceramics is to consider only intergranular fracture: cracks are restricted to grain boundaries (see, e.g., [35, 36, 37] , finite elements with a "soft-kill method" are used to propagate the crack along grain boundaries instead of using a cohesive zone model. Lattice spring models have been used to study brittle fracture and damage in polycrystalline materials by, for example, [38, 39] . A transition from intergranular to transgranular fracture with increasing grain boundary toughness is observed in [38] , however, these studies are limited to 2D quasi-static analysis.
Compared to the methods discussed above, peridynamics for analyzing crack initiation, propagation, and fragmentation in a rate-dependent mechanically loaded Voronoi polycrystalline ceramics has important advantages. These include inter-and transgranular fracture are direct consequences of the computations and they do not have to be postulated via ad hoc assumptions as is the case for the classical approach; mode-transition and mode-mixing of crack propagation is naturally captured by the peridynamic formulation; fracture at triple-junction points is not controlled by ad-hoc assumptions but by the actual loading conditions in a region surrounding the triple-junctions; the meshfree discretization of peridynamics eliminates the need for complicated meshing algorithms for Voronoi polycrystals that represents an impediment to three dimensional computations.
We now summarize some results for simulating polycrystalline fracture in silicon ( [40] will contain more details). Single-crystal silicon has a cubic structure, with the elastic moduli c 11 = 166 GPa, c 44 = 80 GPa, and c 12 = 64.5 GPa. Extensions to other types of crystals is immediate and do not require special considerations. We generate a Voronoi polycrystal over a square with dimensions of 1cm by 1cm. Using 120 randomly distributed x and y coordinates for the Voronoi cells seeds, we obtain a grain-size distribution that is close to a Weibull distribution. This number of cells in the Voronoi structure gives the same grain-size distribution for different realizations (see [40] ). For each Voronoi cell we assign a certain, random, orientation angle (from a uniform distribution). We define the micro-stiffness for the peridynamic bonds to vary with their orientation inside the grain and match the effective stiffness. Thus, the micro-stiffness depends on the orientation of each grain and the orientation of the bond inside the grain. The peridynamic bond relative elongation is given by s defined in (2) , and the critical relative elongation at which a bond breaks is associated with the fracture energy and the peridynamic horizon via (see [9] ) s 0 = (5G 0 )/(9κδ), where G 0 is the material's (single crystal silicon) fracture energy and κ is the bulk modulus. Bonds that connect different grains have special properties that may be related to the properties of the grain boundaries. We select the microstiffness for such bonds to be the average of the corresponding directions in the two grains. For the critical relative elongation of the bonds that have ends in different grains we define an "interface strength coefficient" β = s GB 0 /s 0 where s GB 0 is the critical relative elongation of the bonds that pass over a grain boundary, and s 0 is the value defined above for the single-crystal material. As we vary β from sub-unitary to super-unitary numbers, we change the strength of the grain boundaries from lower than the single crystal to higher than the single crystal.
The tests are performed using EMU [9] on a two dimensional grid of 100 nodes in each direction. Extensions to three dimensional simulations are immediate and does not require special considerations (except for the increased computer storage and floating point computation). We apply velocity boundary conditions on two sides for stretching along the horizontal direction. The top and the bottom sides are free. The applied strain rate is constant equal to 50/s and the initial velocity distribution is consistent with this strain rate. We simulate 32 µs to reach an effective strain of 0.2%. We do not introduce initial cracks. The plots in Fig. 1 show the polycrystal after 22 µs of the simulation for different values of the interface strength coefficient β. As β increases from 0.25 (left figure) to 1 (center) to 4 (right figure), we transition between purely intergranular fracture to pure transgranular fracture, passing through combined trans-and inter-granular fracture observed for average values of β. To better observe the ability of the peridynamic method to simulate crack propagation and crack interaction in polycrystalline ceramics we monitor the damage time-evolution for the case when β = 1 (see Fig. 2 ). We note that there are cracks that begin from the top and bottom edges, but also cracks that start in the interior of the sample, grow, branch, and finally join together.
Composite fracture and failure
The prediction of the spontaneous formation of a crack and its subsequent growth in loadcarrying structures such as the wing or fuselage of an airplane presents a long-standing problem in computational solid mechanics. In a complex loading situation such as a bird strike, multiple cracks may occur simultaneously and interact. The path along which a crack propagates in a three dimensional structure is generally not known in advance and must be determined as part of the solution of a computer simulation, and ultimately depends on the underlying material. Recently anisotropic composite materials (such as CFRP) are replacing more traditional isotropic materials (such as high strength aluminum alloys) in part because of their larger specific strength promises significant weight savings. A typical composite material used within the aircraft industry is called "prepreg" and consists of individual plies stacked on top of each other and bonded together in an autoclave oven. Each ply consists of extremely stiff fibers that are embedded in a relatively soft matrix. Such a material exhibits many different failure mechanisms that can be active at the same time: delamination of adjacent plies or microbuckling of individual fibers are examples of common failure mechanisms in composites that have no counterpart in metals. Resolving the myriad failure mechanisms is essential in a simulation so that the correct path along which a crack propagates is computed. Peridynamics is ideally suited for describing damage propagation in composite materials because of (a) the ability to handle crack propagation when the crack path is not known a priori, (b) the natural correspondence between fibers and peridynamic bonds, (c) the (infinitely) larger number of degrees of freedom in a peridynamic deformation state (in comparison to the classical local deformation gradient) that can capture a greater range of failure phenomena.
Anisotropy is introduced by allowing bonds in different directions to have different stiffness and failure properties. In the peridynamic model of a unidirectional fiber-reinforced lamina, the bonds in the direction of the fibers represent the fiber properties, while the bonds in all other directions represent the matrix properties. The fiber and matrix bonds have properties that are independent of each other, including both elastic response and failure properties.
The peridynamic model of a lamina is illustrated in Figure 3 . The stiffness of matrix and fiber bonds, c m , c f , are chosen to match the effective laminate stiffness E 11 and E 22 . The critical strains for bond breakage in tension, s mt 0 and s f t 0 , are used to match the critical failure strains in a 0 and 90 degree lamina. In compression, the matrix and fiber bonds are assumed to fail at the same critical strain, denoted s c 0 . This assumption is made because the microbuckling mechanism for lamina failure in compression involves simultaneous localization in both the resin and fibers; hence it is not possible to identify separate failure criteria for each in compression. A model of a laminate is constructed from a stack of lamina models, each with a particular fiber direction. The laminas interact with each other through special peridynamic bonds that capture the through thickness stiffness E 33 as well as the interlayer shear stiffness G 13 and the corresponding energy release rates for mode I and II that can be measured in an DCB and ENF tests. For more detailed descriptions see [41, 42, 43, 44] .
Using this simple model, a wide variety of problems involving damage propagation in CFRP panels were studied. Figure 4 shows a stiffened notched composite panel under compressive loading. Only half of the panel is shown due to symmetry. Note that in addition to the notch in the skin, the middle stringer has also been cut. The aim of such as simulation is to predict the damage tolerance capabilities in an lower wing structure of a composite airplane.
Nanofiber networks
There is much interest in polymer nanofibers because of their desirable structural mechanical properties. In particular, they possess a large surface area to volume ratio, as well as high axial strength and extreme flexibility. The use of nanofibers is being explored in such diverse areas as composites, protective clothing, catalysis, electronics, biomedicine (including tissue engineering, implants, membranes, and drug delivery), filtration, and agriculture [45] . Recently, polymer nanofibers have also been proposed as a filters for chemical warfare defense [46] . The ability to tailor the properties of nanofiber networks and membranes for specific applications requires that an understanding of the mechanical properties of these networks and membranes through modeling and simulation. A peridynamic model for simulation of the mechanical behavior and strength and toughness properties of three-dimensional nanofiber networks under imposed stretch deformation was proposed in [47] .
In this numerical model, the peridynamic prototype microelastic brittle (PMB) [9] was augmented with a Lennard-Jones potential to mimic the effects of van der Waals forces. This augmented potential was applied to nanofiber networks similar to that shown in Figure 5(a) . The model domain is 400 nm wide by 400 nm high by 10 nm thick. The top, bottom, left, and right ends have a constant velocity boundary condition applied to induce a biaxial strain that eventually leads to the failure of the nanofiber network. Simulations performed with the PDLAMMPS code [13] are shown in Figure 5 . Detailed numerical simulation in [47] led to the observations that van der Waals interactions are important in increasing the strength and toughness of the nanofiber network, and that heterogeneity in the strength of bonds in the nanofiber network can increase its toughness and ductility. Additionally, reorientation due to breakage and deformation, and a Poisson effect due to van der Waals induced accretion, are the two main mechanisms that control the dynamic deformation and damage of nanofiber networks [47] . 
